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Abstract. Rotating black hole solution surrounded by quintessential matter is recently discussed because
it might be the promising solution to study the effect of dark energy in small scale of the universe. This
quintessential solution is originally derived from the condition of additivity and linearity for the energy-
momentum tensor. We carry out the thermodynamic properties of this solution using the Kerr/CFT
correspondence for several specific quintessential equation of state parameters. A problem arises when we
compute the central charge because the canonical conserved charge is needed to be calculated from the
Lagrangian. However, the exact Lagrangian of the quintessence is not defined yet in the original derivation.
Yet we solve this problem by the assumption that there is only a contribution from gravitational field to
the central charge. Then we could find the entropy of this black hole after calculating the temperature
and using Cardy entropy formula. Another problem comes out when the spin goes to zero to find the
Reissner-Nordstro¨m-NUT-Quintessence solution. To solve it, we extend to the 5-dimensional solution. In
the end, we obtain the entropy for this 5-dimensional solution. So the quintessential black hole solution is
dual with the CFT.
PACS. 04.40.Nr Einstein-Maxwell spacetimes, spacetimes with fluids, radiation or classical fields – 04.60.-
m Quantum gravity – 04.70.Dy Quantum aspects of black holes, evaporation, thermodynamics
1 Introduction
Black holes become local the manifestations of space-time’s
curvature which correspond to Einstein’s theory of grav-
ity. On a larger scale, Einstein’s theory of gravity can also
predict the formation of the universe until the present con-
dition. It has been proved that our universe in the present
era is experiencing accelerated expansion due to the exis-
tence of a unique matter known as dark energy [1]. Dark
energy provides the largest contribution to our universe
besides the visible matter and dark matter. Numerous
models have been proposed to explain the role of dark en-
ergy in the universe which of course must generate the fact
that the universe is accelerated and expanding. A model
that is quite simple and can explain this phenomenon is
quintessence [1]. This quintessence model is fine enough
to describe dark energy even though many other models
are proposed to be able to produce data that corresponds
to an accelerated expanding universe such as in [2,3,4,5,
6,7,8,9,10].
If indeed this model is suitable for dark energy, the
existence of the quintessence could affect a local gravita-
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tional field in the universe. For instance, black holes can
experience interaction with the quintessence. In [11], it is
formulated how the existence of the quintessence affects
the solution of the black holes by performing the condi-
tion of additivity and linearity for the energy-momentum
tensor. It is because the Lagrangian of the scalar field is
not defined in that derivation. There are parameters such
the equation of state (EoS) parameter and density related
to the quintessence in the black hole solution. When the
quintessence is considered as the cause of the accelerated
expanding universe, the EoS parameter is bounded in the
range −1 < ω < −1/3. However, when −1/3 < ω < 0, the
black hole solution possesses an asymptotically flat solu-
tion. The rotating counterpart of this black hole solution
is calculated employing the Newman-Janis algorithm in
[12,13] (originally shown in [14,15]). It is also extended to
the solution with the presence of NUT charge in Rastall
gravity in [16] by employing Demian´ski-Newman-Janis al-
gorithm [17,18,19,20]. The other extension of this solution
with some additional constants and in modified gravity
theories can be found in [21,22,23,24].
Because of the quintessence’s existence on the black
hole solutions, it is fascinating to learn more about black
hole properties especially which are related to the quan-
tum aspect. Macroscopic entropy of this black hole has
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generally been derived in [16] with the presence of the
Rastall parameter. However, it is more interesting to learn
from a microscopic point of view. In addition to calculat-
ing the microstate, as in the black hole [25], we can make
use of the Kerr/CFT correspondence to compute the mi-
croscopic entropy where it has been successful to calculate
the entropy for some black hole solutions [26,27,28,29,30,
31,32,33,34,35,36,37,38,39,40,41]. Yet a problem arises
because there is no exact Lagrangian form of the the origi-
nal solution of black holes surrounded by the quintessence.
Because of that, we will try to figure out the way to solve
this problem.
In this letter, we work on the Kerr/CFT correspon-
dence for the special case of quintessential black hole found
in [16] with vanishing Rastall parameter and by taking cer-
tain EoS parameter which are ω = 0, 1/3, and−1/3. These
EoS values denote the dust-dominated type, radiation-
dominated type and in the lower limit of equation of state
for accelerated expansion universe, respectively. Then it is
found that the near-horizon form of this space-time metric
resembles the usual NHEK black hole [26,39,42,43]. As
we mentioned before, the problem arises because we do
not have the exact form of the Lagrangian. Yet commonly
the simplest model of the quintessence is the real scalar
field entering the action with a canonical kinetic term and
an exponential potential. To solve it, we assume that the
scalar field has no contribution to the central charge and
it is proved in [39] for general scalar fields. In addition to
that, the electromagnetic contribution is also neglected.
Regarding the non-gravitational fields have no contri-
bution in the central term, the central charge is found and
contains the quintessential density parameter. The effect
of this density is different in every type of quintessen-
tial black hole solution that we consider. To complete the
calculation, we also derive the conformal temperature by
assuming the quantum scalar field around the extremal
black hole solutions. As the Kerr/CFT correspondence
[26], we apply the famous Cardy entropy to calculate the
entropy from CFT. Finally we find that it agrees with the
Bekenstein-Hawking entropy. Then we also extend the 4-
dimensional solution to the higher dimensional solution to
study the Reissner-Nordstro¨m-NUT-Quintessence black holes
solution. We apply the similar correspondence to calcu-
late the microscopic entropy from CFT. In the end, it is
found that the entropy of 5-dimensional solution is still
in agreement with the Bekenstein-Hawking one. So it is
clear that the quintessential black hole solution could be
dual with CFT even it has no exact Lagrangian form of
the quintessence.
The remaining parts of this paper are structured as
follows. In section 2, we present the Kerr-Newman-NUT-
Quintessence black hole solution with general value of EoS
parameter and its several macroscopically thermodynamic
properties. In the next section, the near-horizon form of
the metric and electromagnetic potential are derived using
the appropriate coordinates transformation. After finding
the near-horizon form, we calculate the central charge ap-
plying the asymptotic symmetry group and the CFT tem-
perature based on the Frolov-Thorne vacuum in section 4.
Later on, the extended 5-dimensional solution, Reissner-
Nordstro¨m-NUT-Quintessence black hole, is derived. We
also employ the Kerr/CFT correspondence to this solution
to compute the microscopic entropy. In the last section,
we give the summary of the results of this paper.
2 KNUTQ black hole solution
The original solution of black hole surrounded by the quintessence
is found by Kiselev [11]. Then the rotating counterpart is
derived in [12,13,16,22,21,23,24]. Nevertheless, we want
to focus on the general solution that has been derived in
[16] with the existence of NUT charge and with additional
magnetic charge. Accordingly, we will carry out the more
general one which is the Kerr-Newman-NUT-Quintessence
black hole solution. Its thermodynamic properties are go-
ing to be shown in this section. This black hole solution
has been derived by employing the Demian´ski-Newman-
Janis algorithm to the dyonic Reissner-Nordstro¨m-Quintessence
black hole solution within the Rastall’s theory of gravity.
Within this modified gravity theory, the non-conservative
energy-momentum tensor is considered. Yet herein the pa-
per, the Rastall’s parameter will be turned off thereupon
it reduces to the solution of Einstein’s theory of gravity.
The space-time metric is given by
ds2 = −
∆
ρ2
[
dt−
(
asin2θ + 2n(1− cosθ)
)
dϕ
]2
+
ρ2
∆
dr2
+ρ2dθ2 +
sin2θ
ρ2
[
adt− (r2 + (a+ n)2)dϕ
]2
, (1)
where
∆ = r2 − 2Mr + a2 + e2 + g2 − n2 − αr1−3ω ,
ρ2 = r2 + (n+ acosθ)2. (2)
Respectively, the parameters on metric (1) are mass
M , spin a, electric charge e, magnetic charge g, NUT
charge n, density of the quintessence α and the equation of
state parameter of the quintessence ω. For the quintessen-
tial matter, ω has value in range −1 < ω < 0 where
−1 < ω < −1/3 is indicating the accelerating expansion
and −1/3 < ω < 0 makes the asymptotically flat solution.
Afterwards, we define e2 + g2 = q2 for simplicity. The
space-time metric (1) is derived in [16] by firstly deriving
the Reisser-Norsto¨rm-Quintessence black hole in Rastall
gravity. The quintesssential part is derived from the condi-
tion of additivity and linearity of energy-momentum ten-
sor. To be specific, this principle reads Qtt = Q
r
r where
Qµν is the energy-momentum tensor of the quintessence.
The general expression for the energymomentum tensor
of quintessence is given by
Qtt = −ρq(r), (3)
Qij = 3ρq(r)ω
[
(1 + 3B)
rir
j
rnrn
−Bδji
]
, (4)
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where B is just an arbitrary parameter. After isotropic
averaging over the angles, we obtain
〈T ji 〉 = ρq(r)ωδ
j
i = ρq(r)δ
j
i , (5)
and we put 〈rir
j〉 = 13δ
j
i rnr
n. As the consequence, one
could find
Qtt = Q
r
r = −ρq(r), Q
2
2 = Q
3
3 =
1
2
(3ω + 1)ρq(r). (6)
After that, to add rotation and twisting parameter, they
employ Demian´sky-Newman-Janis algoritm. The space-
time metric (1) possesses a number of horizons that de-
pends on the quintessential EoS parameter. The electro-
magnetic potential related to the metric (1) is given by
[16]
Aµdx
µ =
−er
[
adt−
{
a2sin2θ + 2an(1− cosθ)
}
dϕ
]
aρ2
−
g(n+ acosθ)
[
adt−
{
r2 + (a+ n)2
}
dϕ
]
aρ2
. (7)
This potential is similar with the electromagnetic poten-
tial of the Kerr-Newman-NUT black hole[40,51]. The pres-
ence of the quintessential matter does not modify the form
of the electromagnetic potential.
It is common that for vanishing value of density of
the quintessence, the space-time metric (1) is a solution
of the Einstein-Maxwell system. When there exists the
quintessence, it is not only the solution of the Einstein-
Maxwell system anymore. In cosmology, the quintessence
could be modeled by the scalar field that makes the accel-
erated expansion of the universe. In the original paper [11],
the black hole solution with the presence of the quintessen-
tial matter is derived not from the action, yet from the
condition of additivity and linearity for the energy-momentum
tensor.
Some properties of the solution (1) are portrayed in
term of event horizon r+. The Hawking temperature is
given by [16]
TH =
2(r+ −M)− (1 − 3ω)αr
−3ω
+
4π[r2+ + (a+ n)
2]
, (8)
where the mass is identified as
M =
1
2r+
(
r2+ − αr
1−3ω
+ + a
2 + q2 − n2
)
. (9)
The angular velocity and Coulomb electromagnetic poten-
tial are given by [16]
ΩH =
a
r2+ + (a+ n)
2
, (10)
ΦH = Φe + Φg,
=
er+ + g(a+ n)
r2+ + (a+ n)
2
−
g(a+ n)
r2+ + (a+ n)
2
. (11)
Due to the existence of the quintessence, we should treat
the constant α as a thermodynamic variable [52,53]. Hence,
we have the generalized force
ΘH =
∂M
∂α
∣∣∣∣
r=r+
= −
1
2
r−3ω+ , (12)
when S, J,Qe, Qg are held constant. The entropy of the
Kerr-Newman-NUT-Quintessence black holes solution is
given by the usual Bekenstein- Hawking relation [16]
SBH =
ABH
4
= π
(
r2+ + (a+ n)
2
)
. (13)
In the next section, we are going to study the conjec-
tured Kerr/CFT correspondence for some special cases of
matter domination that is characterized by ω. As we know
in the Kerr/CFT correspondence, the Lagrangian plays an
important role in the definition of the canonical conserved
charge that will lead to the Virasoro algebra. This Vira-
soro algebra will lead to the central term that results in
the central charge. This central charge is very important
to be applied in Cardy entropy formula. So in the next
section, we are going to figure out whether the black hole
solution from those principles is still sufficient to be used
to investigate the Kerr/CFT correspondence. So we wish
to match the entropy from the Bekenstein-Hawking en-
tropy to the entropy from the CFT one by employing the
Kerr/CFT correspondence.
We will study some special conditions of the quintessen-
tial equation of state. The dust domination (DD) and radi-
ation domination (RD) types will be implemented because
there are no cosmological horizon on these types. For DD
type black hole solution, the equation of state is identi-
fied by ω = 0. While for RD type black hole solution,
this parameter has the value of ω = 1/3. The assumption
of any kind of matter domination is based on what hap-
pened in our universe in cosmological theory. In addition,
we wish to know for the solution when ω = −1/3 because
this value is still in the possibility of accelerating expan-
sion universe (AE). These are done also for the simplicity
because within this assumption the horizon will remain
to be inner and outer horizons only. Therefore there is no
cosmological horizon.
3 Near-horizon Geometry of KNUTQ Black
Hole
In this section, we wish to show the near-horizon form of
the quintessential black hole space-time (1) for DD, RD,
and AE conditions in order to study the Kerr/CFT corre-
spondence. Regarding the black hole solution (1) with the
chosen conditions of ω, the roots of ∆ in Eq. (2) are [16]
rDD± =
(
M +
α
2
)
±
√(
M +
α
2
)2
+ n2 − a2 − q2, (14)
rRD± =M ±
√
M2 + n2 + α− a2 − q2, (15)
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rAE± =
M ±
√
M2 − (a2 + q2 − n2)(1 − α)
1− α
. (16)
The extremalities for DD, RD, and AE types, respectively
are defined as
(
M +
α
2
)2
+ n2 = a2 + q2, (17)
M2 + n2 + α = a2 + q2, (18)
M2 = (a2 + q2 − n2)(1 − α). (19)
Since we wish to study the region very near to the hori-
zon, it is needed to define some new coordinates. In these
new coordinates, we will also apply the extremal condition
for every condition of ω. In order to get the near-horizon
form of the metric (1), we need to define the following co-
ordinates transformation based on [26,39] which is given
by
r = r+ + ǫr0y, t =
r0
ǫ
τ, ϕ = φ+ ΩH
r0
ǫ
τ, (20)
where the scale r0 is introduced to factor out the overall
scale of the near-horizon geometry. We define that scale
as r20 = r
2
+ + (a+ n)
2. The constant ǫ is the infinitesimal
parameter. Near the horizon of the extremal black hole,
the function ∆ takes form
∆ = (r − r+)
2V +O
(
(r − r+)
3
)
. (21)
The values of the function V are 1 for ω = 0, 1/3 and
(1−α) for ω = −1/3. After taking ǫ→ 0, the near-horizon
extremal metric is then given by
ds2 =
ρ2+
V
(
−V 2y2dτ2 +
dy2
y2
+ V dθ2
)
+
r40sin
2θ
ρ2+
(
dφ+
2ar+
r20
ydτ
)2
, (22)
where
ρ2+ = r
2
+ + (n+ acosθ)
2.
We wish to throw away the constant V 2 in front of the
dt2. As we know this space-time metric is stationary, so
we could perform scaling over dτ with dτ → dτ/V . Hence,
the resulting metric is then
ds2 =
ρ2+
V
(
−y2dτ2 +
dy2
y2
+ V dθ2
)
+
r40sin
2θ
ρ2+
(dφ + kydτ)
2
, (23)
where k is given by
k =
2ar+
V r20
. (24)
Straightforwardly, we could perceive that the near-horizon
metric (23) contains AdS structure on the coordinates
(τ, y). It augurs that the metric is not asymptotically flat
anymore.
The coordinates transformation (20) also governs the
change on the electromagnetic potential. In order to do
so, the electromagnetic potential (7) is supposed to be
expanded in (r− r+) = ǫr0y. Later on when we set ǫ→ 0,
we have to remove the singularity by employing the gauge
transformation, so we arrive at
Aµdx
µ = f(θ) (dφ+ kydτ)−
e[r2+ − (a+ n)
2]
[r2+ + (a+ n)
2]
dφ, (25)
where
f(θ) =
ar20(2gr+ − 2en− aecosθ) cos θ
2ar+ρ2+
+
r20
[
2gr+n+ e(r
2
+ − n
2)
]
2ar+ρ2+
. (26)
This is the near-horizon form of the vector field related to
the DD, RD, and AE types of black hole solution. This
form is similar with the Kerr-Newman-NUT black hole
when r+ =M [16] because the quintessence does not affect
the form of the electromagnetic field.
It is clearly seen that this form of metric (22) resembles
the near-horizon metric shown in [27] for Kerr-Newman-
AdS or for more general black hole solutions are reviewed
in [39]. Therefore the isometry that is generated by the
following vector fields
ζ0 = ∂φ, X1 = ∂τ , X2 = τ∂τ − y∂y,
X3 =
(
1
2y2
+
τ2
2
)
∂τ − τy∂y −
k
y
∂φ. (27)
It is worth noting that all of these isometries act within
a three dimensional slice of fixed polar angle θ. It is con-
cluded that metric (22) enhanced by the SL(2, R)×U(1)
isometry. This isometry is a hint to adopt the Brown and
Henneaux approach [45] to find the central charge of the
holographic dual conformal field theory description of an
extremal rotating quintessential black hole.
4 Entropy from CFT of KNUTQ Black Hole
In the previous section, we saw the gravitational side of
the Kerr/CFT correspondence. Later in the following, we
are supposed to explore the quantum field theories side
where the Cardy formula will be governed to calculate the
entropy from the CFT. The Brown-Henneaux approach
[45] is needed to find the central charge of the dual holo-
graphic conformal field theory description of the black
hole solutions. As we mentioned before, we face the prob-
lem in computing the canonical conserved charges of the
quintessential matter since this solution comes from the
condition of additivity and linearity for the energy-momentum
tensor [11], not from the specific Langrangian form. Yet
commonly the simplest model of the quintessence is the
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real scalar field entering the action with a canonical kinetic
term and an exponential potential
Lφ = −
1
2
(∇φ)
2
− c1e
c2φ, (28)
where c1, c2 > 0. We do not know yet the relation betweet
this Lagrangian and the quintessential black hole solution.
However, for the simplest quintessence model, we know
that it has no contribution to the total central charge.
In addition, the calculation carried out in [30] indicates
that in Einstein-Maxwell-Dilaton theory with topological
terms in four and five dimensions, the central charge only
receives contribution from the gravitational field (see also
[39] for the other proof). So we benefit that the canonical
conserved charges from the energy momentum tensor of
the quintessence should not be taking into account to cal-
culate the central term. Furthermore, to gain the central
charge of the conformal field theory for four-dimensional
rotating quintessential black holes, it is sufficient to calcu-
late only the gravitational field contribution. So the contri-
bution of the Maxwell Lagrangian would be put aside. As
a proof that we are not supposed to compute the contri-
bution of the quintessence, the resulting entropy from the
CFT must be in agreement with the Bekenstein-Hawking
one.
4.1 Central charge
Because we lose the asymptotically flat space-time in the
near-horizon limit, the boundary conditions in spatial in-
finity are not flat anymore. Thereupon, the choice of bound-
ary conditions of the metric deviation at spatial infinity
is needed to be imposed to find the asymptotic symme-
try group (ASG). Accordingly, we impose the following
boundary conditions
hµν ∼


O(r2) O
(
1
r2
)
O
(
1
r
)
O(1)
O
(
1
r3
)
O
(
1
r2
)
O
(
1
r
)
O
(
1
r
)
O
(
1
r
)
O(1)

 , (29)
in the basis (τ, y, θ, φ). For all types of ω, we impose the
similar boundary conditions. The more general diffeomor-
phism symmetry that is consistent with such boundary
conditions (29) can be seen in [26]. Yet it contains one
copy of the conformal group of the circle generated by the
following Killing field
ζn = ε(φ)∂φ − yε
′(φ)∂y , (30)
where ε(φ) is an arbitrary smooth periodic function of the
coordinate φ and ε′(φ) = dε/dφ. The consistency indicates
that the charges associated to the diffeomorphisms have
to be finite. Hence we may define εn = −e
−inφ and ζn =
ζ(εn). Because of that, the generator of ASG becomes
ζn = −e
−inφ∂φ − inye
−inφ∂y, (31)
where n in this case is only an integer. By the Lie bracket,
the symmetry generator (31) satisfies the Virasoro algebra
i[ζm, ζn]LB = (m− n)ζm+n, (32)
without the central term. This algebra only consists of a
U(1), not an SL(2, R) isometry subgroup.
The diffeomorphim (31) is associated with the charge
Qζ =
1
8π
∫
∂Σ
kgζ [Lζg; g], (33)
where
kgζ [Lζg; g] = −
1
4
ǫρσµν
{
ζνDµh− ζνDǫh
µǫ +
h
2
Dνζµ
−hνǫDǫζ
µ + ζǫD
νhµǫ +
hǫν
2
Dµζǫ
+
hǫν
2
Dǫζ
µ
}
dxρ ∧ dxσ , (34)
and the integral is over the boundary of a spatial slice
[46,47]. Note that the last two terms on (34) vanish for
an exact Killing vector. The charges from the time-like
Killing field and the right-moving part are assumed not
to give the contribution as well as the electromagnetic
and quintessential fields. Then it follows that the Dirac
brackets of the conserved charges are now just the common
forms of the Virasoro algebras with a central term such as
{Qζm , Qζn}DB = Q[ζm,ζn] +
1
8π
∫
kgζm [Lζn g¯; g¯] . (35)
Note that g¯ stands for metric background or the extremal
rotating quintessential metric. Finally, the central term
contains the left-moving central charge cL that we need in
the Cardy formula which is given as follows
1
8π
∫
kgζm [Lζn g¯; g¯] = −
cL
12
i(m3 + κm)δm+n,0, (36)
where it is set ~ = 1 and κ is a trivial constant. From the
usual Virasoro algebra [44] in (36), the left-moving central
charges for our black hole solutions are
cDDL = 12a
(
M +
α
2
)
, (37)
cRDL = 12aM = 12a
√
a2 + q2 − n2 − α, (38)
cAEL =
12aM
(1 − α)2
. (39)
These left-moving central charges (37) and (39) are
shown in [16]. Therein, the central charge is calculated by
assuming SCFT = SBH (see [48,49,50] for the other exam-
ples). Herein it is proved that the result of [16] matches
with the resulting central charge that we compute from
the CFT. In general, this central charge will reduce to the
one in [40] when the quintessential density vanishes. We
do not know what actually the value of α is because there
is no observational evidence of the black holes surrounding
by the quintessence until now but we might see the con-
sequence when α is negative in [13,16]. In this situation if
the value of α is negative, it is needed that the massM to
be greater than α2 for unitary CFT. As pointed out in [36]
for magnetized Kerr black holes, when |B| > 1/M , the
central charge is negative. In fact, a CFT with negative
central charge is non-unitary [44].
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4.2 CFT temperature
In the following, we derive the temperatures from the CFT
in the near-horizon region for extremal rotating quintessen-
tial black hole. Regarding the Frolov-Thorne vacuum for
this black holes, firstly we must recall a quantum scalar
field with eigenmodes of the asymptotic energy E and an-
gular momentum J , which is given by
Φ˜ =
∑
E,J,s
φ˜E,J,se
−iEt+iJϕfs(r, θ), (40)
for Kerr black hole [26]. In order to transform this to near-
horizon quantities and take the extremal limit, we note
that in the near-horizon coordinates (20) we have
e−iEt+iJϕ = e−i(E−Ω
ex
H
J)τr0/ǫ+iJφ
= e−inRτ+inLφ, (41)
where
nR = (E −Ω
ex
H J)r0/ǫ, nL = J. (42)
However this is only viable when there is no contribution
of the electromagnetic part. On our black hole solution,
recall that there are two contributions from the electro-
magnetic field which are the electric and the magnetic
charges, so Eq. (42) may be extended to
nR = (E −Ω
ex
H J − Φ
ex
e Qe − Φ
ex
g Qg −Θ
ex
H α)
r0
ǫ
,
nL = J. (43)
Hence the corresponding Boltzmann weighting factor is
now in the following form
exp
(
−
E −ΩexH J − Φ
ex
e Qe − Φ
ex
g Qg −Θ
ex
H α
TH
)
= exp
(
−
nR
TR
−
nL
TL
−
Qe
Te
−
Qg
Tg
−
α
Tα
)
(44)
The Boltzmann weighting factor will be a diagonal matrix
if we take the trace over the modes inside the horizon. We
have to mention that TL,R is the left-right temperature,
Te,g is the electric-magnetic temperature, and Tα is the
quintessential temperature. We call it as electric-magnetic
temperature because it corresponds to the conjugate of
electric and magnetic charges. However, in this section we
do not need to calculate Te,g,α because the central charge
from the contribution of the Maxwell field is vanishing.
By comparing Eqs. (43) and (44), we find the temper-
atures of the CFT as follows
TR =
THr0
ǫ
∣∣∣∣
ex
, TL = −
∂TH/∂r+
∂ΩH/∂r+
∣∣∣∣
ex
. (45)
In the extremal limit, since the right temperature is pro-
portional to the Hawking temperature, it remains zero for
all types of ω
TDD,RD,AER = 0. (46)
So the remaining temperature is the left-moving temper-
ature. They are given by
TDDL =
(2M + α)
2
+ 4(a+ n)2
8πa (2M + α)
, (47)
TRDL =
M2 + (a+ n)2
4πaM
, (48)
TAEL =
M2 + (a+ n)2(1− α)2
4πaM
. (49)
In order to find the positive temperature, we can easily
see that for DD type, it must satisfy M > α/2 when the
value of α is negative. However, there is no observational
evidence that shows the value of the quintessential density
that surrounds the black holes until now. For RD type, the
temperature might be negative if the nominator is nega-
tive where M2 = a2+ q2−n2−α. So the value of α could
be important to determine the sign of the temperature.
Fortunately, the temperature remains positive even the
quintessential density is negative for AE type because of
the square sign.
4.3 Cardy entropy
We will use the renowned Cardy formula to match with
the Bekensten-Hawking entropy. In the derivation of this
formula, the gravitational contribution is turned off [40].
Hence this is the reason we might call it as the microscopic
entropy. On the other hand, the Bekenstein-Hawking one
could be called as the macroscopic entropy. The Cardy
formula of the entropy from the CFT is given as follows
S =
π2
3
(cLTL + cRTR). (50)
We can compute the microscopic entropy of the extremal
rotating quintessence black holes. For every type of ω, the
entropies respectively are
SDD =
π
4
[
(2M + α)
2
+ 4(a+ n)2
]
, (51)
SRD = π
(
2a2 + q2 + 2an− α
)
, (52)
SAE =
π
[
M2 + (a+ n)2(1− α)2
]
(1 − α)2
. (53)
These are the general entropies of the extremal rotating
quintessence or KNUTQ black holes with three types of
matter domination. It is in agreement with the Bekenstein-
Hawking entropy that has been calculated in [16]. So it is
found that this black hole solution is dual to the CFT.
We also prove that the black hole solution from the condi-
tion of additivity and linearity for the energy-momentum
tensor could still be viable to investigate the correspon-
dence between the gravity and the CFT. If one is interest-
ing with the calculation of the entropy correction, one can
check [40] where it comes from the assumption of non-zero
lowest eigenvalue of the conformal operator.
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We can see clearly that when α goes to zero, it will
reduce to the entropy of extremal KNUT black hole [40].
If we compare our entropy from the extremal KNUT black
hole, we may see that entropy of RD type of black hole is
quite similar but the presence of the quintessential density
determine the value of the entropy. When it has positive
value, the entropy will be smaller than extremal KNUT
black hole. Yet the negative value of this density will make
the reversed condition happens.
5 RNUTQ/CFT Correspondence
In the previous section, we have derived the entropy of
rotating quintessence black hole solution for some types
of quintessential equation of state. Something fascinating
will occur when we set the rotational spin to be 0. It should
be consistent with the entropy of the extremal Reissner-
Nordstro¨m-NUT-Quintessence (RNUTQ) back hole
SRNUTQ = π
(
r2+ + n
2
)
. (54)
But in this manner, the corresponding central charge will
reduce to zero because it is proportional to a. The confor-
mal temperature (left-moving temperature) also becomes
infinite because it is proportional to 1/a. This is not what
we wish to study from the Kerr/CFT correspondence. To
solve that problem, we profit from the method used in [27,
40]. They extend the 4-dimensional solution when a → 0
to the 5-dimensional solution as the Kaluza-Klein theory
of uplifting dimension.
In order to do so, we need to introduce the fifth dimen-
sional coordinate or the fibered coordinate of S1. This new
coordinate is periodic under translation of 2πRn where
Rn is an integer, so z ∼ z + 2πRn. This additional co-
ordinate gives rise to one additional translational Killing
field ∂z. This Killing field enhances the SL(2, R)R×U(1)L
symmetry with another U(1) symmetry. Besides that, to
construct the 5-dimensional extremal metric, we need to
map the electromagnetic potential to the geometric part.
The detailed derivation will be explained in some next
subsections.
5.1 Near-horizon form of RNUTQ black hole
Recall that we already define a new fibered coordinate
z and have the 4-dimensional extremal metric ds2. After
that, the only one that we need is the electromagnetic
potential A. However, when we take a → 0, the elec-
tromagnetic potential becomes singular. To construct 5-
dimensional metric, we are supposed to produce the elec-
tromagnetic potential that will not be singular. In order
to bring away that singularity, we have to apply the gauge
transformation. While we are taking a → 0, we have to
apply the following gauged transformation
A→ A−
gn
a
dφ. (55)
Finally, the resulting electromagnetic potential for RNUTQ
is
A =
2gnr+ + e(r
2
+ − n
2)
V (r2+ + n
2)
ydτ +
(gr+ − en) cos θ
r+
dφ.(56)
Now we may produce the 5-dimensional solution using the
mapping of the electromagnetic potential (56) to the ge-
ometric part as in [27,40]. Then the following metric is
produced
ds25 =
ρ2+
V
(
−y2dτ2 +
dy2
y2
+ V dθ2 + V sin2 θdφ2
)
+
(
dz +
2gnr+ + e(r
2
+ − n
2)
V (r2+ + n
2)
ydτ
+
(gr+ − en) cos θ
r+
dφ
)2
, (57)
where ρ2+ = r
2
+ + n
2. Recall that for dust domination
ω = 0, we have r+ = (M +α/2) and V = 1. For radiation
domination (ω = 1/3), we have r+ =M and V = 1 which
is similarly with extremal RNUT black hole [40]. The last
one is the accelerating expansion type (ω = −1/3) which
have r+ =
M
1−α and V = 1−α. The presence of fibered co-
ordinate will enhance the solution to have global U(1)gauge
symmetry.
5.2 Central charge
In the following, we will compute the central charge of
the 5-dimensional solution. Since this solution is the ex-
tension of the 4-dimensional solution of KNUTQ black
hole, we could apply the similar way to find the central
charge. As the 4-dimensional solution, the central charge
comes from the gravitational part only, so we will neglect
the contribution of the electromagnetic potential and the
quintessential field. This benefits us again because there
is no explicit Lagrangian form of the quintessence.
Looking for the non-trivial diffeomorphisms, we need
to set some consistent boundary conditions of the metric
deviation as in 4D solution. So we will adopt the same
boundary conditions such in [27,40]
hµν ∼


O(y2) O
(
1
y2
)
O
(
1
y
)
O(y) O(1)
O
(
1
y3
)
O
(
1
y2
)
O
(
1
y
)
O
(
1
y
)
O
(
1
y
)
O(1) O
(
1
y
)
O
(
1
y
)
O(1)
O(1)


, (58)
in the basis (τ, y, θ, φ, z). Performing those boundary con-
ditions, then we find the most general diffeomorphisms
which are given by
ζ =
{
bτ +O
(
y−3
)}
∂τ + {−yǫ
′(z) +O(1)} ∂y
+O
(
y−1
)
∂θ +
{
bφ +O
(
y−2
)}
∂φ
+
{
ǫ(z) +O
(
y−2
)}
∂z, (59)
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where ǫ(z) = −e−inz and the prime (′) denotes the deriva-
tive respect to z. Here bτ , bφ are arbitrary constants. There-
fore the asymptotic symmetry group contains one copy of
the conformal group of the circle generated by
ζz = ǫ(z)∂z − yǫ
′(z)∂y, (60)
but do not allow ζǫ such the case of 4-dimensional KNUTQ
solution. Moreover, to compute the central charge, we may
follow the same steps such for KNUTQ solution but for
five dimensional gravity [32,40]. We apply
kgζ [h; g] = −
1
2
1
3!
ǫρσγµν
{
ζνDµh− ζνDλh
µλ +
h
2
Dνζµ
−hνλDλζ
µ + ζλD
νhµλ +
hλν
2
Dµζλ
+
hλν
2
Dλζ
µ
}
dxρ ∧ dxσ ∧ dxγ , (61)
where the last two terms vanish for the exact Killing vec-
tor. In the end, we will find
cDDz = 6
[
gn(2M + α) + e
{(
M +
α
2
)2
− n2
}]
, (62)
cRDz = 6
[
2gnM + e(M2 − n2)
]
, (63)
cAEz =
6
1− α
[
2gnM
1− α
+ e
(
M2
(1 − α)2
− n2
)]
. (64)
These all central charges correspond to ζz and represent
all type quintessential equation of state which we choose.
5.3 Temperature
Since the spin is assumed to vanish, the corresponding
thermodynamic potential for the angular momentum also
vanishes. The temperatures conjugate to electric and mag-
netic charges are the only temperatures which are left now.
Recall the first law of black hole thermodynamics, in this
situation we have
dS =
dQe
Te
+
dQg
Tg
+
dα
Tα
. (65)
As the second dual CFT for extremal RN-AdS [27] and
RNUT solutions [40], the magnetic charge is held fixed.
Because there exists a quintessential density, the vacuum
is not a pure state as the extremal Kerr-Newman-AdS
and extremal Kerr-Newman-NUT black holes [27,40]. The
remaining temperatures are given by
TDDe =
(2M + α)2 + 4n2
8π
[
gn(2M + α) + e
{(
M + α2
)2
− n2
}] , (66)
TRDe =
M2 + n2
2π [2gnM + e(M2 − n2)]
, (67)
TAEe =
M2 + n2(1− α)2
2π(1− α)
[
2gnM
1−α + e
(
M2
(1−α)2 − n
2
)] . (68)
These temperatures are different with left-moving one be-
cause it comes from the conjugate electric charge. For the
case of 4-dimensional KNUTQ black hole, we have men-
tioned that there are Te, Tg, Tα. Since in 5-dimensional
solution TL is singular when a→ 0, we need to apply an-
other temperature to Cardy formula which are Te, Tg, Tα.
5.4 Entropy
Having the conjugate temperature of the electric charge
and the central charge from 5-dimensional solution, we are
able to compute the microscopic entropy of the RNUTQ
black hole by performing the famous Cardy formula. For
this 5-dimensional solution, we possess
SCFT =
π2
3
czTe. (69)
Using the central charges (62)-(64) and CFT temperatures
(66)-(68) to the formula (69), the entropies of the extremal
RNUTQ for every type of black hole are then
SDD =
π
4
[
(2M + α)
2
+ 4n2
]
, (70)
SRD = π
(
q2 − α
)
, (71)
SAE =
π
[
M2 + n2(1− α)2
]
(1 − α)2
. (72)
Therefore the entropy from the CFT for this 5D solution
also matches the Bekenstein-Hawking entropy. To obtain
the entropy of extremal RNUT black hole [40], we may set
α = 0. In addition to that, taking zero NUT charge will
reduce the entropy to the entropy of extremal Reissner-
Nordstro¨m black hole [32]. This entropy for RNUTQ black
holes shows that this black hole solution is dual to the
CFT.
6 Summary
In this article, we have investigated the Kerr/CFT corre-
spondence on extremal rotating quintessential black hole.
We analyze the near-horizon extremal geometry of this
quintessential black holes with specific values of quintessen-
tial EoS. We have chosen the EoS parameter (ω = 0, 1/3,−1/3)
to prevent from getting the solution with four horizons.
After getting the near-horizon form, we calculate the cen-
tral charge. A problem appears because there is no specific
Lagrangian form or quintessence that could be used to
derive canonical conserved charge to compute the central
charge. However, we know that the simplest quintessence
model could be described with a real scalar field with the
canonical kinetic term and an exponential potential. Fur-
thermore, we benefit of some recent calculation that have
shown that the contribution of non-gravitational fields is
absent. So we do not need to compute the contribution
of the quintessence by assuming it will vanish. Then we
employ the ASG to calculate the central charges coming
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from the central term of the Dirac bracket of the con-
served charges. It is found that the central charge contains
quintessential density parameter. For DD type, the mass
of the black hole should be greater than α/2 to get non-
negative central charge if the value of quintessential den-
sity is negative. We also confirm the result of the central
charge which is obtained in another article where the dual
CFT is not applied yet. Then adopting the Frolov-Thorne
vacuum, the CFT temperatures are derived in order to
compute the microscopic entropy. Again for DD type, the
similar assumption should be applied as for the central
charge in order to obtain positive temperature. Then ap-
plying Cardy formula, it is obtained that the entropy from
the CFT matches the Bekenstein-Hawking entropy for the
extremal rotating quintessential black holes. So obviously
we see that the extremal KNUTQ black hole is dual with
the CFT even it has no exact Lagrangian form of the
quintessence.
We also extend the solution to 5-dimensional Reissner-
Nordstro¨m-NUT-Quintessence black holes. The reason of
doing this is because there is a problem when we take a→
0. We can still get the exact entropy although it makes the
central charge is going to zero and the left-moving temper-
ature is becoming infinite. So we employ the similar way as
for the Kerr-Newman-AdS and Kerr-Newman-NUT black
holes to find RN-AdS and RNUT solutions to solve this
problem. We map the electromagnetic potential as the
geometric part and add a new fifth coordinate to con-
struct this extremal solution. After imposing some bound-
ary conditions for ASG, we find the central charge related
to the fifth coordinate for all types of EoS parameter. We
also find the temperatures which are the conjugate of the
electric charge only because we hold the magnetic charge
fixed. Finally, performing Cardy formula for all types, we
obtain the entropy of extremal RNUTQ black holes. One
can see that the extremal RNUTQ black hole solution
is also dual with the CFT. Then it would be fascinating
to study the similar correspondence of this quintessential
black hole solutions with the exact Lagrangian form to
relate the result which we find in this paper.
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